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In {1], a method is described for the asymptotic integration of the
differential equations of the theory of elasticity which enables us to
derive to any required degree of accuracy an approximate theory for the
bending of plates, Analogous concepts have been employed (without
emphasizing the asymptotic aspect of the approach) in developing various
approximate theories of plates in bending and tension, as well as
approximate theories of shells [2-6]. The fundamental idea on which such
& method is based, the separate and independent consideration of the
elastic edge effects, was evolved a little earlier by Friedrichs [7*8],
but was applied only to derive the boundary conditions on the free edge
of a shell.

In the present study the method [1] is employed to derive a general
theory of shells. It will be found that there is a close relationship
between the asymptotic method of deriving an approximate theory of shells
and the method of asymptotic integration of the differential equations
of the theory of shells described in [9).

1. We refer space to an arbitrary curvilinear system of coordinates

»1, %2, %% and denote the radius-vector of an arbitrary point by R =

R(x!, %%, x?¥). Then the principal vector R; and the metric tensor 8ij
are defined by the formulas

R; = oR / o2t gi; = Ri-R;

Here and in what follows the Latin indices assume the values

903
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1, 2 and 3.

Let U be the displacement vector, Y;; the strain tensor and olJ the
stress tensor. Then, for an isotropic eiastic body

u

1 a ou
T, = —2-(Ri-a +R-25), Bry = (1+40)g,07 —ogor (1)

7 ]89:’,

where E is Young's modulus and o is Poisson’s. ratio (the tensor rela-
tions used here can be found, for example, in (10]).

In the absence of body forces the equations of equilibrium are
8T9zi = 0, T = Y goiiR; (€= lg;D (1.2)

It is convenient in the theory of shells to make use of curvilinear
coordinates in which

R =r (s 22 + 2°n

where P is the radius-vector of the middle surface and n is a unit
vector normal to the middle surface.

The tensors of the first and second quadratic forms of the middle
surface will be denoted by a_, and bap’ respectively, and we shall adopt
the convention that Greek indices here and in what follows assume the
values 1 and 2. The metric tensor g;; can then be expressed in terms of

% and baﬁ as follows:
gaﬂ = Qap — zxabaB + (xs)zba)‘bﬂ)n gas = O’ 833 = 1 (1'3)
In addition, there exist the formulas
1/%‘ =1— 20 (2K, a=|agl, K =20b%b"~—b'? (1.4)

in which K is the Gaussian curvature of the middle surface.

It is convenient to introduce the non-symmetric stress tensor T'J
Vglaog = (mp — 2byp) T, Vglacs = 18 (1.5)

The vector T!, which appears in the equilibrium equation, can then
be written as follows:

T' = Va (vi*r, + visn) (1.6)
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After some manipulation the conditions of symmetry of the tensor o%/
can be reduced to the equalities

cap (A8 — 29b eB) = 0, 8k = 7A8 — % s (1.7)

where €Ay 1s a skew-symmetric discriminant tensor with components

Caa = 0, C1g = — €y = Va_
Substituting (1.6) in the equation of equilibrium, we obtain

Vot —bbres + B2 =0, Vars bt 400 0 (1.8)

Here Va is the symbol of covariant differentiation in the metric on
the middle surface. This operation is defined by the following formulas
(see, for example, (11):

VR VAR VS AV L
o - (1.9)
Vo = Py ax Ay, Vad = ey

a®* (aaﬂ 6a 8aBY) (1.10)

a
Tor = 2 oz 6:4:B az?

(the expression for V‘,_x-rc"3 has to be written out in the second of these
formulas). We assume that the displacement vector can be written as

U = u’r, — Wn
Then, making use of (1.1), we obtain
2Y,5 = Vo + Vatg + 2bagW — 2 [bg* (Vattr + braW) + ba? (Vgup + brgW)]

du, du w 1.11
oy = — VoW +baur + 55 — %" 53 Yo = — g8 (11

Taking into account (1.5), we can re-write the elastic relations
(1.1) as follows:

— EV%%‘%‘Z — 1-33 — OT%P (aap p— xsbao) (1.12)

E — . 6unl ou
TV—% (—-—VaW + baxul_f_ 61‘3 xsbdl 62.3) = (1' + 0) ga'ltla

EV £ (Tota + Vatig + gl — 28 b (Vaun + braW) +
b (Veu + b)) =
= (1 + 0) g, (app — 2°byp) T — 0g, g [(arp — T%by) V¥ + %]
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If we denote the thickness of the shell by 2h, then the external and
internal surfaces of the shell will be given by 3 = * h. The boundary
conditions, which we shall assume to be of the form

— 1 _ 1 a
™ = 41y, ¥=+4--X" ford=+h (1.13)
must be satisfied on these surfaces.
Here and in the sequel we assume that h is constant.

2. The equilibrium equations (1.8), the conditions of symmetry (1.7)
and the elastic relations (1.12) constitute a complete system of differ-
ential equations for the determination of the displacements and stresses
In order to integrate this system we adopt the method employed in (1]
for the formulation of the principal iteration process. We change the
independent variables according to the formulas

= REe, 23 = h{ 2.1)

(here R is the characteristic radius of curvature of the middle surface)
and we assume that the stresses and dxsglacements do not vary too
rapidly with respect to the variables £!, £2, [, i.e. we assume that the
required state of stress varies rapidly only in the direction of the
variable 2%,

After the change of variables (2.1) the foregoing equations assume
the form

1
R o8 — h*Rb,P e ”T'Z— =0, WVt 4 BRbwr + 52 =0
oxp (18 — ROTRB MO®) = 0, 1% = 73 — K*LRb s
— LY EW o (1% — 170 (3o — HRbug)) 2.2)

E+/F . duy . :
2_[{_]/— £ (._h*va W+ h*Rbs us + 57 — H*LRb. » * ) = h* (1 3 o) g, v
2% ]/‘i" {Ve'ta + Va'ug - 2RbgW — Uh* [Rb (Vo' + RbpW) +

+Rba}‘!(v§’ux + RbmW)]} =
= (1 + 0) 8 (aPB - h‘CRan) ™ — Ug,,ﬂ [(akp - Ch*}fblp) ™ - 93]
where h* = h/R and V' = RV_ is the symbol of covariant differentiation
with respect to the variables £%.

Note. The change of variables x* = RE® in (2.1) is equivalent to
changing the symbol VY, to V;'R'l. For example, from the first of
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formulas (1.9)

1571Aa9:=aA“B

prres RT, 348 4 Rr KA

and, according to (1.10)

a®? [Bag, Oay, dag,
aeY T aEP ag*)

The system (2.2) contains a small parameter h*. This parameter occurs
explicitly in the equations and is contained in the quantities g and

, which, according to (1.3), (1.4) and (2.1), are defined by the
formulas 2.3)

]/ £ — 1 — BRB + KUURK, g, = aup — 2h°CLRbag + RRLR, by

a

3. We shall try to find a solution of equations (2.2) in the form

18 = K TERYr P, 19 = TSR, 1% = BT SR
Uy = KSR S u, o, W = r""Sh w®

Here r is a number (which is different for different quantities)
which will be selected later; quantities qualified by the index s (in
brackets, since it has no tensorial connotation) either are totally in-
dependent of h or they contain a factor AP which is common to all these
quantities; the summation is carried out over all values of s, starting
from zero.

(3.1)

We select r in the following manner:
W r =k, () r=x, @ W) r=xt+ 1 (32)

(lere x is for the present unspecified). We then substitute the ex-
pansions of (3.1) into (2.2) and make the stipulation that in each
equation of (2.2) taken separately, the coefficients of all powers of
h* vanish, starting from the lowest. In this way, we obtain a sequence
of systems of equations for determining the coefficients of the ex-
pansions of (3.1). The first of these systems is of the form

¥ AT

Vo't + st =0, Rbapt)*? + —7— =0
TP =0, T = 1) (3.3)
W _ 3ua(°) -0

ot ' P13
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A5 12 + Va'up® + 2RbgW) = Pt

where

Popry = (1 + 0) anap, — Gaasan, (3.4

Equations (3.3) may be easily integrated with respect to [. Having
performed this operation, setting x = 0, taking into account the condi-
tions on the surfaces (1.13) and accepting that the quantities x and X©
can be expressed in the form

X* = Zh"X, z = Zh (3.5)
we obtain (3.6)
WO = O (8, 82) 4, = 3, (£, £3)
2%‘ (Va'2,® F V. 13 + 2Rbpww®) = Popp,Ti)™
wio™® =0, T = 19" Va'1e™® = *%Xfmﬁx Rbagri)*f = — —%X(o)

E y B 4
T =5 Xo' 0" =3 %o

The equalities (3.6) constitute a complete system of differential
equations (with independent variables §1, §2) in the unknowns 1 0 “B,
1(0)3R, T(O)A3 w(®), va(o), which are independent of [. Here the
stresses T, are constant throughout the thickness of the shell, and,
as will be shown in Section 11, the corresponding state of stress is
closely related to the membrane state of stress in the classical theory

of shells,

4. For the homogeneous equations (2.2}, when
X?s) = Tyg) = 0 (4.1)

there exists one further form of the expansions of (3.1). It is obtained
by selecting the following combination of values of r

vhr=n b, () mr=w (W) sr=x+2 42

We substitute (3.1) and (4.2) into equations (2.2) and impose the
requirements that in the first five of these the coefficients of the
lowest power of h* vanish, and in the sixth and seventh of equations
(2.2) the coefficients of the lowest and next lowest powers of h* vanish,
Taking into account (2.3), we obtain

s
Vi to® + (0) —0, Rburo® + - a; =0, ot =0, 79" =70



Derivation of an approximate theory of shells 909

(0 du ou
=0 =0 G — VWO 4 Rb G0 =0

7 (V6'82© + V'ug® + 2RbgW®) = 0
£ [V + Va'ug® — RbpL (Vo' m® + RopgW®) —
— Rb G (Va'un'® + RbygW' )] = Pogr, o™ (4.3)

Carrying out the integration with respect to { in these equations,
and taking into account the homogeneous conditions on the surfaces

(1.13), we find that

WO =0 £, 8), w0 =50 (@2, u = (w0~ Rb’no)
Vp' 0a® + Vo' 05 + 2Rbyw® = 0

ZC (Vp' (Vaw® — Rb @) + Vo' (V0@ — Rbg*or®) —

2R
— Rb L (V' 020 + Rby W) — RbME (Vo' 0@ + RbygW')] = Popaptie ™
af af
=3 (1—1) VG, reR =3 (1= ) RO (44)

In the fifth equality of (4.4) the tensor 1(0)“9 is given as a
homogeneous function of {. It will be shown in Section 11 that formulas
(4.4) define a state of stress closely related to the purely bending
state of stress in the classical theory of shells,

5. Let us consider now states of stress and strain which vary rapidly
not only with respect to the variable x*, but also with respect to the
variables x! and x?. For this purpose, instead of (2.1), we make the
change of independent variables

R

% =
Ky

&%, ¥ = h{ 6.1

and assume that with respect to (£€!, €2, [) the variation in the re-
quired states of stress and strain is not too large.

In formulas (5.1) k., is a large (compared to unity) non-dimensional
number with increase in which the variation of the states of stress and
strain increases. It is convenient, as in [9], to express k(a) in terms
of h* by means of the formula

k(a) = (h*)“t“
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in which the number t,, as defined in (9], is the index of variation,
in the direction of the x% line.

From now on we shall always assume that t_ is a rational number equal
to pa/qa, where p  and g, are positive whole numbers.

Making the change of variables (5.1) in equalities (1.9), we obtain
RVAAQQ = k(A)V;\*A“B, RV)‘Aa == k()‘)v;\*Aa
where
* 40 -3 R a a
Vy*A™® = 9,4%° +ET) (T34 + T84

R

(A)

and BA is the symbol of ordinary (not covariant) differentiation with
respect to §

(5.2)

Vi*4, =04, — %

We can now express the equilibrium equations (1.8), the conditions
of symmetry (1.7) and the elastic relations (1.12) in the form

38
k@ Vo' vef — h*Rb, s + %— =0, RI*%@Va*1® + h*Rb,pve6 + 0_1_“1 -0
cag (P — B*RTb wF) = 0, T = 8 — p*REp
— 5 :‘:’-332 = h*[v%® — 67°# (aap — h*R{bap )] (5.3)

E r , . 8ua . ou . N
271/ £ (— R*k@Vo* W + h*Rb, us + = —h Rtb a_f) =h*(1 4 6) g,
eV & ket + ko Vatug -+ 2RbogW —

— h*E [Rbg (k@yVa*uy + RbyW) + Rb? (k) Vstuy + RbyaW) =
= (1 + o) g,, (a.s — A*RTb,p) T — 08,5 [(ar, — R*RTby,) ™ + %]

6. We begin the investigation of the states of stress with a non-zero
index of variation with the case when the variation is the same in the
directions of both coordinate lines. Let

_r
kg = kg =k = (h*) ¢, gy = Ly =t = %

We introduce the notation

-

n= (h*) 1 or A* = 179, k=nyp 6.1)
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and try to find a solution to the system (5.3) in the form*

8 = wIntre*f, T8 = Ittt 1% = Intr,®
ug = WEN U™, W = wIZnw® (6.2)

flere r is a number which is different for different unknowns. Tt must
be selected in such a way that after substituting (6.2) into equations
(5.3) and in each equation equating to zero the coefficients of all
powers of n starting with the highest, we obtain a non-contradictory
sequence of systems of equations for the determination of the coeffi-
cients of the expansions of (6.2). Such values of r will be called non-
contradictory values.

In seeking non-contradictory values of r we must consider separately
the cases when

t<1/2, t=14/2, t>1/2

(these cases also arose [9] in the process of asymptotic integration of
the differential equations of the theory of thin shells).

We start with the case when ¢t < 1/2, i.e. we assume that

2p < q (6.3)

Then one of the variants of non-contradictory values of r will be

T“ﬁ—.;r:x—%q, 1:“3-—»r=x+p, ™ s r=un (6'4)
Uy = r =% —Pp, W~—~>7‘=M+q

In the manner described above this reduces to a sequence of systems
of equations in which the principal system is of the form

(6.5)
ot 3B It 0 33
dwot+ - =0, Rbyrp®+ —= =0, ot =0, o™ =10™
W aua(‘”

E
T =0 S =0 g5 {06 + 9aus® + 2RbW") = Paprto*

In deriving these equations we must substitute for A* and k in (5.3)
according to formula (6.1) and then make use of the expansions of (6.2)
and (6.4) and the inequality (6.3). In equalities (6.5), as in the sub-
sequent relations of the first approximation, the symbols of covariant

* The expansions of (6.2) are generalizations of the expansions of
(3.1). The latter can be obtained from the former by putting p = 0,
q = 1,
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differentiation V * must be replaced by the symbols of simple differ-
entiation J, on the basis of formulas (5.2).

In this case the second variant of non-contradictory values of r wil
be

v sr=x+gq ™Wor=x+p -r=x 6.6
Uy — r =% + 2 — 3p, W sr=ux-+2¢—2p (6.6)

This yields a system for which the principal equations are of the
form

38

vy,
OaTiof** + a' =0,  Rbapr =0, copte*® =0, T0?=r10"
AU ou, . -
= 0, — =0 ,m {Bauaw) + Bau5 + 2Rb WPy =0 (6.7)
ou (@ .
82 - aaw(m = 0, % 6!1632‘0(0) = Pdﬁ)\l-‘-r(o))‘p

7. In the case when
2p =g (t==1/2) (7.1)
the non-contradictory combination of values of r may be written as
- r=ux+2p, ™ sr=x+p, T sr=ux (7.2)
Uy = r =% p, W sr=uxn-+2p

This combination corresponds to a sequence of systems of equations
in which the principal system is

B ar, 33
= 0 6‘{5((,}“3 **f* Rbaﬁf(maﬂ - 0 _ . 0

(o)

Cw‘f(o)m =0, T0*® = T (7.3)

W Au,©®
ag a

2% {0pua® + 325 + 2Rby W) = Pogry v

— W =0

The integration of these equations with respect to [ can be carried
out without difficulty. Setting x = 0, assuming that in the conditions
on the surface (1.13) the quantities x and X* can be expressed in the
form

X* = In°X ", z = 2%z (7.4

we obtain
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WO = 0O (B, 5), 2,0 = 2,0 (&, ) + 0w (7.5)

To™ = To (B, B2 + Lnuiy (B, E?)

1 A I .. ‘l
Z—R {apva(o) + aavp“’) + 2Rba{3w(°)} = Pagxp_fo(op)', T aadpw(o) = PaB)‘p.tl(o))“
aB __ 1 X <] Rb aB 1 9.0 aB 1
0aT0) = — 5 X@» RbapTow) + 3 GalpTi) = — 5 T
T = — LdaToy + 5 (1 — T Gatily

w0 = L0 ORp ried + 158 Rbgmis + - (1 — ) X0 + 2 (1 — S

In these formulas the dependence on [ is always expressed explicitly.
In particular we see that the stresses T ,, ' vary over the thickness
of the shell according to an arbitrary linear law. This means that
formulas (7.5) define a compound state of stress in which the stresses
due to forces and moments are commensurable.

8. In the case when the inequality
2p>q (t>1/2) @8.1)
holds, two non-contradictory combinations of values of r can be found.

The first of these may be written as

TaB—>I‘=7C+Qv ‘l’“s-—*r=%+P, 1:3:‘—>r==x+2p-—q
ua_,r=n+q——p’ I/V—-»r=x+2q-—-2p (8-2)

and yields a sequence of systems of equations, the principal one of
which is

(8.3)
38
) .
0aT ()™ + (o =0, 0T g =0, et =0, To™ = T
W@ Ou,©® E
o T ;C — 0 W =0, 55 (a® + Fattp®) = Poprutio™*

The second non-contradictory combination of values of r is
P r=u+g¢q, ™ >r=u+p, Wosr=x+4+2p—gq
Uy »r=%+qg—p, Woxlr<uw+2¢q—2p (8.4)

This results in a sequence of systems of equations in which the
principal system is
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at dt, 3
© o
%t + 5 =0, Gt + 5= =0, eyt =0, 1™ =10
[ =4
awio A, E (8.5)
Nl 0, T = 0, 57 (9pua'® + 8aus®) = PaprgTio)™*

The range of applicability of equations (8.3) and (R.5) is limited,
besides (8.1), by the inequality

r<gq (<) (8.6)

If p = q(t = 1), then the non-contradictory combination (8.2) of
values of r is valid, but corresponds to a sequence of systems of equa-
tions the principal system of which is

38 RES
(0) (0)
aar(o)dﬁ + —_ O’ a‘f(o) + g P O’ CABT(O))\B P 0’ T(o)sl e ’t’(o)ls
L oW B a" )
ESr = 0% — 0T 5 k = — Oa W“’ = (1 + 0) anty®® (8.7)

E
o5 (0pUa® -+ G,ug®) = Papp Tt — 0a.p7%°
2R

These equations differ from the general equations of the theory of
elasticity only in that in the first place (8.7) omits terms which de-
pend on the curvature tensor, and secondly, the symbols of covariant
differentiation in (8.7) are replaced by symbols of simple differentia-
tion. This means that the inequality (8.6) establishes the limit of the
range of applicability of the theory of thin shells within the usual
context of this theory. The possibility remains only of making simpli-
fications associated with ignoring the effect of the curvature of the
middle surface and with replacing covariant differentials by simple
differentials.

9. We shall now consider states of stress with different variations
in the directions of the x*- and x%-lines, and show that in the case
when max (¢ [y, t., )} = 1 there exist states of stress which are
essentially different from those considered so far. We shall confine our
attention to the case when the middle surface of the shell is referred
to orthogonal coordinates and when the smallest index of variation is
zero. We can then take

kg = k1 =m, kg =

{in order to be precise we assume that the greater variation occurs
along the x-line). In this case, for a solution of the type (6.2),
there exist two non-contradictory combinations of values of r. The



Derivation of an approximate theory of shells 918

first of these 1is

(v11, 722, 138, 3, %) L, r =g — 1, (T12, 12, 1%, %) , r = 4

Uy, W) - r = q — 2, Uy -r=gq— 1 9.1)

The principal equations of the corresponding sequence of systems of
equations are

{9.2)
) 11 A 21 Fo YR an ar(g) ~ A =5 61({7)32
01Ty " T 0T — £105 T(0)* -+ i 0, dite*® + -5§—— = (
81)%
01T + 0,70 + R (b1 + by1e?) + ';Q =0
T = T, To® = 10 — LRbMtg, t0® = 10?
E aw(O)
—TR % T0® — 0 [ayTo' + 5T — [R;,T)2 — [RbyT?]

El_ © 2.0 4 0w 20wV
‘iﬁ[ oW™ + Rb2u,® | 3t LRb, 3%

= (1 + 0) ay; (v9)*® — 2Rb,L7*%)

E ou®
SR azg = (1 + 0) ay,T()*®

E
v [0,u,@ — TRb,20,u,0] = ay,a,,T() !t — 25Ra,,by, T (o)

~— 001,8537()** — 0ay,T(0)®
E
5B 0.4, = (1 + o) a11829T ()"

— 2
7 780 = a585T0™ — 04581 T()" — 0agT0)® — (3 + 0) LRb,a,TH™

The second non-contradictory combination of values of r may be written
as

(¥, 722 138, 13 431) _, | g

(t12, 1721’ t23, 132) o= q . 1. ~
(unW)—”':q—L

Uy > =q—2 9.3)

The principal equations of the corresponding sequence of systems of
equations in this case is

(9.4)

dt 32
0) \
o™ + —r— ( =0, 0,19" + 8,70* — Rb2ty" + _52 =0

ot 33
©
0,70" + e 0

2T + T — LR [e1h' 192 + cpbt)!t] = 0
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T0® = T, To® = T — [Rb e
%avggm = T0® — 0 [ayTe' + ayTe™]
Z_FE (_ 0 W(O) + aul ) = (1 + 0) a7
%(-aWM+RMWW+M ywﬁﬁﬂ=
= (1 + 0) (— 20Rb;pT()™ + a2aT()*)
Rialuuo) = ay (@' — 0ay,T(g™ — 67*)
2[;',{ (95u,@ + 9,u,® + 2b12W(o) — LRb,0.u, ) = — (1 — 0) LRba; 7 +

+ (1 + 0) ay38557(9)!? — 28 Rbygay3t0)** + 20LRb157(0)%

. 2
0 = 053397(0)*® — 0011833T(0)!! — TagyT()**

In the system (9.2) the second, fourth, sixth, ninth and eleventh
equalities comgrlse an 1ndependent sub-system of equations in the five
unknowns 7 o, "%, (0) 1 1(0)23. 1(0)32 and uz(o). In effect they are
identical to the equations of the classical problem of the torsion of a
rod about the £2-axis. In the system (9.4) the first, third, fifth,
seventh, eighth, tenth and twelfth equations comprise a sub-system of

equations in the seven unknowns
1.(0)11, T(o)n’ .r(o)aa, T(o)la, 1(0)81’ u1(°)v W)

In effect they coincide with the equations of the problem of plane
deformation (in the plane of €', [).

Thus the states of stress corresponding to the non-contradictory
combinations (9.1) and (9.3) have the same meaning as those obtained by
the auxiliary iteration processes [1] in the formulation of the theory
of bending of plates. The principal difference between these states of
stress and those derived in Sections 3 to 8 is that the derivation of
the former reduces to the integration of the differential equations with
respect to the variables (§!, {), and the derivation of the latter re-

duces to the integration of the differential equations with respect to
the variables (§1, §2).

10. Consider the tensor of tangential forces TP, the tensor of
moments M and the vector of shear forces N
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+h +h +h
T8 = Sraﬂdxs, M = S T3, N* = S ©idz®  (10.1)
“n -h ~h

We replace z° in (10.1) by { according to formula (2.1), substitute
the expansions of (6.2) for T and %3 and then, taking into account
formulas (6.1), we can write (10.1) in the form

T°f = n"‘IZn”T(,)“B , MR = n'-an“M(.)“B . N® = 2PNy

where (10.2)
+1 +1 +1
Tw*=R \ Tw*dl, My = R S TPt dt = R%* \ 1L di
B +l T oa N (10.3)
Ny = Ry @P S Tw*dl = RR*k S"(s)asd;
-1 ~1

In the first two formulas of (10.2) we must assign to r the value
which it assumes for P and in the third formula, the value which it
assumes for 7*3. Formulas (10.2) and (10.3) hold both for t > 0 and for
t = 0; in the latter case we must take p =0, q =1 and k = 1.

We introduce the quantities va[’], w[3] (upper indices in square
brackets), which are defined by the formulas

2,18 = PPy, = h*eky,lel, w® = yeaylsl = preylel (10.4)

The number p which occurs in these formulas assumes different values
for different cases.

‘ N . « . [o]
Tt will be shown in Section 11 that if TXO)Gﬁ' M(o)cp, N(O) ) Vg

and w[°] are identified, respectively, with the tensor of tangential
forces, the tensor of moments, the vector of shear forces, the vector
of tangential displacements and the normal displacement, then a simple
physical interpretation can be ascribed to the principal equations of
the various iteration processes derived above which is closely related
to the results obtained [9] by means of asymptotic integration of the
differential equations of the classical theory of thin elastic shells.

11. Consider equations (3.3), i.e. the principal system of equations
of the iteration process described in Section 3. Integrating the first,
second, third and seventh of these equations with respect to [ over the
interval (-1, +1), we obtain
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Val0™®+ X0° =0,  bupT** + 20) = 0,  copT0)** = 0

2Eh 3 (Vg0al0) + Vouglo! + 2b,qul%)) = PopruTi0)™ (11.1)

The procedure for deriving these equalities is as follows. The inte-
grals with respect to [ are either replaced according to (10.3) or the
integration is carried out, and in the substitution of the limits the
conditions on the surfaces (1.13) are imposed. The quantities uc(O) and
W) are expressed in terms of va(o) and »{%)_according to (3.6), and
va(O) and »!%) are expressed in terms of v_'% and wl0 according to
formulas (10.4) with p =1, k = 1, Finally, Y ' corresponding to the
variables £% is replaced by RV, corresponding to the variables x%.

Similarly, the following equalities are derived from (4.3):

Vvl + Vvl + 2Rb,qul0) = 0

2LR3 1 v J{o] b Aqy. [0] v v [0l b Ay [0] 11 2

=5 7 [Va(Vawl®l — ba20,)l) + Vo (Vaul®d — bgr,l00) — (11.2)
= bg* (Vaval9 4 by qwl®)) — b* (Vpoplo) + bygwidl)] = PogrM )

The first of these is obtained directly from the eighth equality of
(4.3) and the second, from the ninth equality of (4.3), which must first
be multiplied by [ and then integrated over the interval (-1, +1). The
transformation is carried out as before by making use of formulas (4.4),
(10.2) and (10.4); in the latter we take p = 2, k = 1.

The following equalities follow from equations (7.3)

T ™" b  ap | NG A8
6::“ + kX =0, bapl (o)al + e +2=0, el =0
oM, P

9 —Ng*=0 (11.3)

ox
0 fo) SE 0 |
. 4 1905 9v, l A 2ER3 0%y ab

2Eh + {—— 4 2beaul®)} = Pogy Ty, —_— —— = PapauM
2| = PaT 5 e~ Lo

These are derived as follows, The first, second, third and seventh
of equalities (7.3) are integrated with respect to [ over the interval
(-1, +1), and in addition, the first and seventh of equalities (7.3)
are multiplied by { and integrated with respect to [ over the interval
(-1, +1). The equalities so obtained are transformed in the manner de-
scribed above. In using formulas (10.4) we take p = 1, bearing in mind
that equalities (7.3) hold when k(;, = k,, =k = (h*)"'/2? and that in
(7.3), according to (5.1)
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In order to compare relations (11.1) to (11.3) with the equations of
the classical theory of shells, we write the latter as follows:

The equations of equilibrium

‘V)‘T}\a _ b)‘GNA + Xa = 0’ baﬂTaB + v)‘N). + = U, v)‘ﬁlﬂlw [V:x . ()
capT™® — c2bysM** = 0 (11.4)

The strain-displacement relations

Eap = V,vp —i— bapw + Cgaé, Pap = V;; (Vaw ~ba7‘vz) —_ C;\abg)‘ﬁ
8 = — 5 bV avp (11.5)

The relations between strains, forces and moments

i A 1 ¢4 aw o, B A
€ap = 577 (Papra T™ + QaprnaM™), Hap = 57 (BamnM ¥+ 3 Sapa? “)

Pogry = Ropaw = Ggaap, — OCaiCpy (11.6)

These relations are taken from [12] (x in the equations of equi-
librium has been replaced by —x in accordance with our present sign con-
vention). There the force and moment tensors are introduced by means of
the equalities

T — +S" (w8 — 2bee) )/ £ dss, .
Iy 3 vo={w) Lo
M8 — S (128 — 23b,27*8) ‘/ %’_ 23dz8, R

-h

(the minus sign included in error [12} in the formula for M has been
omitted). If we take into account (1.5) we can easily see that these
expressions coincide with equalities (10.1).

The first three equations of (11,1) are identical with the equations
of equilibrium of the membrane theory, which can be obtained from (11.4)
with #9A = N& = o,

The formula for the tensor of tangential strain o in (11.5) can be
reduced to the form

Eag == -}2— (VQUQ -+ V,,va ~+ 2ba,3w)



920 A.L. Gol’denveizer

and the formula for P A in {11.6), to the form (3.4). Thus, in (11.6)
the tensor P Ap has the same meaning as in the other formulas of this
paper, and consequently the fourth equality of (11.1) is equivalent to
the elastic relations of the membrane theory.

Thus the iteration process derived in Section 3 is equivalent in
first approximation to the membrane theory.

It follows from formulas (11.5) that

2Rap — boterg — bprera = Vp (Vo — bravy) +V, (Vow — bgrv,) —
-— bpl (Vav;\ + b;‘aw) — ba)‘ (Vﬁl);\ + bmw)

The left-hand side of this equality with e = 0 coincides with 2y _qa,
and the expression on the right-hand side is identical with the ex-
pression in square brackets in the second equality of (11.2).

It follows that the iteration process described in Section 4 defines
a state of stress which in first approximation is equivalent to a purely
bending state of stress.

The first of equalities (11.2) is equivalent to the equality g n = 0
and constitutes equations of infinitely small bending deformations. To
the accuracy of quantities of the order of h?, the second equality co-
incides for such a state of stress with the second strain-force-moment
relation of (11.6).

The iteration process developed in Section 7 coincides in first
approximation with states of stress which have large variations. Indeed,
relations {11.3), which are derived from this process, can be obtained
from the relations of the classical theory of shells by:

a) discarding the tensor N® in the first of the equilibrium equations
(11.4);

b) discarding tangential displacements in the expression for the
strain tensor Hop

c) accepting the most simple version of the strain-force-moment
formulas;

d) substituting simple differentiation for covariant differentiation.

This, in fact, constitutes the familiar hypotheses of the theory of
a state of stress with a large variation.

It is likewise not difficult to give a physical interpretation of
the principal equations of the iteration processes described in
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Section 6 and 8.

Equations (6.5) and (6.7) differ, respectively, from equations (3.3)
and (4.3) only in that in the former the symbols of covariant differ-
entiation V' have been replaced by those for simple differentiation [
and on the left-hand side of the last equality of (6.7) only those terms
remain that contain second derivatives of the normal deflection. The
same simplifications result if we use the method of asymptotic integra-
tion to find the membrane and purely bending states of stress with non-
zero variation and retain in the equations only those terms required
for a first approximation. Thus, equations (6.5) and (6.7) correspond to
the equations of the first asymptotic approximation of the membrane and
purely bending theories of states of stress with non-zero variation.

Similarly, it can be shown that equations (8.3) and (8.5) correspond
to the theory of states of stress with large (t > 1/2) variation. Equa-
tions (8.3) correspond (in the context of [9]) to a state of bending
stress similar to that in the bending of a plate. Lquations (8.5) cor-
respond to a state of tangential stress similar to a generalized state
of plane stress.

12. In Sections 3 to 8§ iteration processes are formulated for deriv-
ing states of stress which in the zeroth approximation are equivalent
to: a membrane state of stress (Sections 3 and 8), a purely bending
state of stress‘(Sections 4 and 6) and a state of stress with a large
variation index (Sections 7 and 8). It is not difficult to formulate
iteration processes also for the derivation of states of stress corre-
sponding to simple and generalized edge effects. These can be obtained
by the integration of equations (5.3) with the aid of the expansions of
(6.2) and with the proper choice for the values of r,

The integrals corresponding to all the states of stress enumerated
above can also be found directly from the eguations of the classical
theory of shells by the method of asymptotic integration {s]. Taken
together they contain sufficient arbitrary constants to satisfy all four
boundary conditions of the classical theory of shells for a wide class
of problems (this question has been discussed in [9,13'153). For this
class of problems of the theory of shells the iteration processes de-
scribed here play the same part when taken as a set as the basic itera-
tion process in the theory of the bending of plates [1], in the sense
that the initial approximation is equivalent to the classical theory. At
the same time, in Section 9 iteration processes are formulated which are
equivalent to two variants of the auxiliary iteration process {l]. One
of them corresponds to the state of stress for edge torsion and the
other corresponds to the state of stress for plane edge deformation. By
analogy with the theory of plates it is to be expected that by combining
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the iteration processes of Sections 3 to 8 with those of Section 9 we
shall be able to satisfy the boundary conditions of the three-
dimensional theory of elasticity to any degree of accuracy for the
class of shell-problems considered here. In [1] this question is con-
sidered for plates for cases corresponding to a free, a clamped and a
simply-supported edge.

13. For all the iteration processes in the present article only the
principal systems of equations are given. The derivation of the equa-
tions which define the nth terms of the expansions does not present any
difficulty (they differ from those given only in their absolute terms),
but to include them in full would have been too tedious a task.

It is of interest to make ap estimate of the remainders and to
formulate the conditions for which the iteration processes described in
this study are asymptotic. There are certain mathematical difficulties,
but it is to be hoped that these will prove to be not too serious.

The conditions which ensure the asymptotic convergence of the pro-
cesses studied here define the field of applicability of the results
obtained. Some of these conditions are obvious without any mathematical
analysis.

One such condition is that the equations which define the initial
approximations must have finite solutions for given boundary conditions.
This condition is not fulfilled for all cases of practical importance.
For instance, the equations of the membrane theory (11.1) do not have
finite solutions:

a) for an infinitely long cylindrical shell, for a conical shell
having an apex, or in general, for shells which contain a cusp;

b} for a shell which is tangential to a plane along a closed curve
(for example a torus).

Such shells, and shells which differ very slightly from them (for
example, a very long cylindrical shell), were described in (o] as shells
with a singular middle surface. For them the three-dimensional equations
of the theory of elasticity must be reduced to two-dimensional equations
by other iteration processes.

Equations (11.1) will also not have a solution when b = 0. This
means that the question of shallow shells requires a special treatment.
This question can evidently be solved by means of the iteration process
described in Section 7.
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